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The fracture behavior of a cracked strip under antiplane mechanical and inplane electrical loading is stud-
ied. A functionally graded piezoelectric strip with exponential material gradation is under consideration.
The mechanical and electrical loading is combined via loading coupling factor. The problem of a graded
piezoelectric strip containing a screw dislocation is solved. This solution results in stress and electric dis-
placement components with Cauchy singularity. Based on the solution achieved for the dislocation, the
distributed dislocation technique (DDT) is utilized to form any geometry of multiple cracks and analyze
the behavior of a cracked strip under antiplane mechanical and inplane electrical loading. This technique
is capable of the analysis of a strip with a system of interacting cracks. Several examples including strips
with single crack, two straight cracks and two curved cracks are presented.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Piezoelectric materials have been utilized in some advanced
applications which necessitate the analysis of their behavior in dif-
ferent situations. Due to the behavior of piezoelectric materials,
they are usually susceptible to crack. Therefore, these materials
have been the subject of many researches in the ﬁeld of fracture
mechanics. Different loadings can be recognized in various applica-
tions of piezoelectric materials including static (Chen et al., 2003),
time-harmonic (Ma et al., 2004, 2005a; Narita and Shindo, 1999)
and transient (Chen et al., 2004) types.
The piezoelectric materials may be homogeneous or nonhomo-
geneous. The most common assumption for material gradation is
exponential dependence to the location (Chen and Liu, 2005).
The crack boundary conditions may be assumed permeable
(Parton and Mikhailov, 1990), impermeable (Sosa, 1992) or par-
tially permeable. The experimental investigations depict that the
electric loading has dominant effect on the fracture behavior of
the piezoelectric materials which is coincident with the imperme-
ability condition (Wang and Yu, 2000).
On the other hand, various arrangements of defects may exist in
a structure. Many useful published articles are devoted to speciﬁc
crack geometries in the strip. However, the capability to character-
ize the behavior of the cracked strip in the presence of multi arbi-
trary cracks still needs more investigations.
Distributed Dislocation Technique (DDT) provides the capability
to tackle various conﬁgurations of cracks. In this technique, the ini-
tial and fundamental step is to analyze the domain in the presencell rights reserved.
Mousavi).of a dislocation. Subsequently by utilizing the dislocation solution,
superposition and the Buckner’s principle (Korsunsky and Hills,
1996), it is possible to form any geometry of the cracks and achieve
the strip’s behavior and ﬁeld intensity factors. DDT has been uti-
lized for static and recently for elastodynamic analyses of cracked
domain under mechanical loading. Wang et al. have studied inter-
acting dielectric cracks in piezoelectric materials utilizing DDT
(Wang and Jiang, 2002). This technique has also been proved to
be useful in the analysis of axisymmetric annular cracks in a piezo-
electric medium under static loading (Asadi, 2011). DDT has been
utilized to calculate the plane electro-elastic ﬁelds in piezoelectric
materials with multiple cracks (Han and Wang, 1999). The effect of
viscous damping in functionally graded material (FGM) has been
also analyzed via DDT (Mousavi and Fariborz, 2012). A detailed
study about the Fracture mechanics of piezoelectric materials is
carried out by Kuna (2010).
In the present article, the dislocation solution is achieved for a
strip under antiplane mechanical and inplane electrical loading.
The electrically impermeable crack face assumption is used as
the dislocation condition. Afterward, the distributed dislocation
technique is utilized for the antiplane analysis of a cracked func-
tionally graded piezoelectric (FGP) strip. The stress and electric
intensity factors are determined for cracked strip. The conﬁgura-
tion and arrangement of cracks in the strip is arbitrary and some
samples are presented.2. Solution of functionally graded piezoelectric strip containing
screw dislocation
Consider the Functionally Graded Piezoelectric (FGP) strip
wherein material properties gradations take place in the thickness
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tion. A Volterra-type screw dislocation with the line of dislocation
parallel to x-axis is located in the strip at a point with coordinates
(g,f), Fig. 1.
The plane of analysis is chosen to be the x–y plane. Therefore
the inplane electric ﬁelds couple only with the antiplane elastic
ﬁelds which is called antiplane strain problem. The displacement
ﬁeld components, including [u,v,w], and the electric ﬁeld compo-
nents, including [Ex,Ey,Ez] in the electroelastic boundary value
problem for antiplane displacement and inplane electric ﬁelds
are (Narita and Shindo 1999; Pak and Goloubeva, 1996).
u  0; v  0; w  wðx; yÞ ð1Þ
Ex ¼ Exðx; yÞ; Ey ¼ Eyðx; yÞ; Ez  0 ð2Þ
The electric ﬁelds [Ex,Ey] are related to the electrical potential /
(x,y) as
Ex ¼  @/
@x
; Ey ¼  @/
@y
ð3Þ
In FGP material, the constitutive equations for inplane electric
ﬁelds coupling with the antiplane elastic ﬁelds are (Chen et al.,
2003)
rxz ¼ c44ðyÞ @w
@x
þ e15ðyÞ @/
@x
ryz ¼ c44ðyÞ @w
@y
þ e15ðyÞ @/
@y
Dx ¼ e15ðyÞ @w
@x
 d11ðyÞ @/
@x
Dy ¼ e15ðyÞ @w
@y
 d11ðyÞ @/
@y
ð4Þ
in which c44(y), e15(y) and d11(y) are the shear modulus mea-
sured in a constant electric ﬁeld, the piezoelectric constant and
dielectric constant measured at a constant strain, respectively. Also
rxz(x,y) and ryz(x,y) are the shear stress components while Dx(x,y)
and Dy(x,y) are the electric displacement components. In the ab-
sence of body forces and charges, the mechanical equilibrium
equation for the stress components and the electric Maxwell equa-
tion for the electric displacement components are
@rxz
@x
þ @ryz
@y
¼ 0
@Dx
@x
þ @Dy
@y
¼ 0
ð5Þ
Substituting Eq. (3) into Eq. (4) yields
c44ðyÞDwþ e15ðyÞD/þ @c44ðyÞ
@y
@w
@y
þ @e15ðyÞ
@y
@/
@y
¼ 0
e15ðyÞDw d11ðyÞD/þ @e15ðyÞ
@y
@w
@y
 @d11ðyÞ
@y
@/
@y
¼ 0
ð6Þ
in which D is the two dimensional Laplacian operator. The
properties of FGP material are assumed to be varying in y-direction
and described in terms of exponential functions along the strip( , )η ζ
h
y
x
Fig. 1. Schematic view of the FGP strip weakened by a screw dislocation.thickness. In order to overcome the complexity of the mathematics
involved, the focus is limited on a special class of FGP materials in
which the variations of these properties obey the same exponential
law (Chen et al., 2003; Ma et al., 2004).
c44ðyÞ; e15ðyÞ;d11ðyÞ½  ¼ c044; e015;d011
h i
expð2jyÞ ð7Þ
while c044; e
0
15 and d
0
11 are constants. The assumption in (6) is one of
the cases which make the boundary value problem (Eq. (5)) analyti-
cally treatable and is generally applied for FGP materials (Erdogan
and Ozturk, 1992). Therefore, this speciﬁc case will allow us to shed
some light on the inﬂuence of the material gradient upon the stress
and electric intensity factors. Applying Eq. (6) into Eq. (5) results in
c044Dwþ e015D/þ 2jc044
@w
@y
þ 2je015
@/
@y
¼ 0
e015Dw d011D/þ 2je015
@w
@y
 2jd011
@/
@y
¼ 0
ð8Þ
Utilizing the Bleustein function, (Bleustein, 1968)
wðx; yÞ ¼ / aw ð9Þ
in which a ¼ e015
d011
, Eq. (7) are decoupled to the following form
Dwþ 2j @w
@y
¼ 0
Dwþ 2j @w
@y
¼ 0
ð10Þ
In terms of variables w and w, the constitutive Eq. (3) can be
written as follows
rxz ¼ ½c44ðyÞ þ ae15ðyÞ @w
@x
þ e15ðyÞ @w
@x
ryz ¼ ½c44ðyÞ þ ae15ðyÞ @w
@y
þ e15ðyÞ @w
@y
Dx ¼ d11ðyÞ @w
@x
Dy ¼ d11ðyÞ @w
@y
ð11Þ
It has been found that impermeable crack assumption is more
coincident with experimental results (Wang and Yu, 2000). Assum-
ing impermeable condition for the strip weakened by a screw dis-
location (Fig. 1), the boundary, continuity and limiting conditions
will be expressed as
ryzðx;0Þ ¼ 0; ryzðx; hÞ ¼ 0; ryzðx; fÞ ¼ ryzðx; fþÞ
Dyðx;0Þ ¼ 0; Dyðx;hÞ ¼ 0; Dyðx; fÞ ¼ Dyðx; fþÞ
wðx; fÞ wðx; fþÞ ¼ bwzHðx gÞ; limjxj!1w ¼ 0
/ðx; fÞ  /ðx; fþÞ ¼ b/zHðx gÞ; limjxj!1/ ¼ 0
ð12Þ
while bwz; b/z are the dislocation Burgers vectors and Hð::Þ is the
Heaviside step-function. Although the jump in the electric poten-
tial is not a type of dislocation, it is referred here as the electric dis-
location for convenience. In order to solve the Eqs. (9), (8) is
applied to the conditions (11)
ryzðx;0Þ ¼ 0; ryzðx; hÞ ¼ 0; ryzðx; fÞ ¼ ryzðx; fþÞ
Dyðx;0Þ ¼ 0; Dyðx;hÞ ¼ 0; Dyðx; fÞ ¼ Dyðx; fþÞ
wðx; fÞ wðx; fþÞ ¼ bwzHðx gÞ
wðx; fÞ  wðx; fþÞ ¼ ðb/z  abwzÞHðx gÞ
ð13Þ
and,
lim
jxj!1
w ¼ 0
lim
jxj!1
w ¼ 0
ht
x
n
y
Fig. 2. An arbitrary crack in a strip with orthogonal coordinate system (n,t).
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form deﬁned by
f ðsÞ ¼
Z 1
1
f ðxÞ expðisxÞdx ð14Þ
The inversion of (13) is
f ðxÞ ¼ 1
2p
Z 1
1
f ðsÞ expðisxÞds ð15Þ
With the aid of complex Fourier transforms and Eqs. (8), (9),
(10), (12), the functions w and / are determined.
wðx; yÞ ¼ bwz expðjfÞ
2
Lðh fÞ  ibwz expðjðy fÞÞ
2p P1ðy;h fÞ 0 6 y 6 f
wðx; yÞ ¼  bwz expðjðh fÞÞ
2
LðfÞ þ ibwz expðjðy fÞÞ
2p P1ðy h; fÞ f 6 y 6 h
/ðx; yÞ ¼ b/z expðjfÞ
2
Lðh fÞ  ib/z expðjðy fÞÞ
2p P1ðy;h fÞ 0 6 y 6 f
/ðx; yÞ ¼  b/z expðjðh fÞÞ
2
LðfÞ þ ib/z expðjðy fÞÞ
2p P1ðy h; fÞ f 6 y 6 h
ð16Þ
in which b2 = j2 + s2, L(c) = sinh(jc)/sinh(jh) and P1(c1,c2) is gi-
ven in Appendix A. This is the solution for a dislocation parallel with
x-axis in Fig. 1. The same proceduremay be carried out for a vertical
dislocation. The results are coincident with horizontal dislocation
which proves that the line of dislocation is arbitrary and does not af-
fect the ﬁeld equation of a dislocation in the domain.
Stress and electric displacement components can be deter-
mined utilizing Eq. (15) and the Eqs. (6), (8), (10):
rxz
Dx
 
¼ v1v2
 
P2ðy; h fÞ 0 6 y 6 f
rxz
Dx
 
¼ v1
v2
 
P2ðy h; fÞ f 6 y 6 h
ryz
Dy
 
¼ i v1
v2
 
P3ðy;h fÞ 0 6 y 6 f
ryz
Dy
 
¼ i v1v2
 
P3ðy h; fÞ f 6 y 6 h
ð17Þ
in which v1 ¼ ðbwzc044 þ b/ze015Þ expðjðyþ fÞÞ=ð2pÞ, v2 ¼ ðb/z
abwzd
0
11Þ expðjðyþ fÞÞ=ð2pÞ and P2(c1,c2) and P3(c1,c2) are given
in Appendix A.
2.1. Singularity analysis
The stress and electric displacement components for a disloca-
tion are singular in the vicinity of the dislocation. This is veriﬁed
with the aid of the following integral equations (Abramowitz and
Stegun, 1964).Z 1
0
expðsyÞ sinðsxÞds ¼ x=ðx2 þ y2Þ; y < 0Z 1
0
expðsyÞ cosðsxÞds ¼ y=ðx2 þ y2Þ; y < 0
ð18Þ
With the aid of the above integral equations, the singular terms
in the Stress and electric displacement components in Eq. (16) may
be separated. These forms of ﬁeld components are given in Appen-
dix B. As was expected, the above mentioned ﬁeld components de-
pict Cauchy singularity in the vicinity of the dislocation.
3. Crack formulation
The solution for the dislocation in the FGP strip can be utilized
for the analysis of cracked strip via distributed dislocation tech-
nique (Fotuhi and Fariborz, 2006). Let the strip be weakened by
N cracks including N1 embedded and N-N1 edge cracks, described
in parametric form asxk ¼ akðsÞ;
yk ¼ bkðsÞ; k 2 f1;2; . . . ;Ng; 1 6 s 6 1:
ð19Þ
The moveable orthogonal coordinate system (n,t) is chosen such
that the origin maymove on the crack while t-axis remains tangent
to the crack surface (Fig. 2). On the surface of the kth crack, the
traction and electric displacement components in the Cartesian
coordinates (x,y) become
rnzðxk; ykÞ ¼ ryz cosðhkÞ  rxz sinðhkÞ
Dnðxk; ykÞ ¼ Dy cosðhkÞ  Dx sinðhkÞ k 2 f1;2; . . . ;Ng
ð20Þ
where hkðsÞ ¼ tan1ðb0kðsÞ=a0kðsÞÞ is the angle between x- and t-axes
and prime denotes differentiation with respect to the argument.
A crack may be constructed by continuous distribution of the
dislocations. Suppose dislocation with unknown densities,
BwzðtÞ;B/zðtÞ, are distributes on the inﬁnitesimal segmentﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½a0jðtÞ2 þ ½b0jðtÞ2
q
dt at the surface of jth crack. Therefore the anti-
plane traction and electric potential on the surface of the kth crack
due to the presence of above-mentioned distribution of the dislo-
cations on all N cracks yields
rnzðakðsÞ;bkðsÞÞ ¼
XN
j¼1
Z 1
1
½rð1Þyz ðak;bk;aj;bjÞ cosðhkÞ
 rð1Þxz ðak;bk;aj; bjÞ sinðhkÞdl 0 6 bk 6 bj
rnzðakðsÞ;bkðsÞÞ ¼
XN
j¼1
Z 1
1
½rð2Þyz ðak;bk;aj;bjÞ cosðhkÞ
 rð2Þxz ðak;bk;aj; bjÞ sinðhkÞdl bj 6 bk 6 h
DnðakðsÞ;bkðsÞÞ ¼
XN
j¼1
Z 1
1
½Dð1Þy ðak;bk;aj;bjÞ cosðhkÞ
 Dð1Þx ðak;bk;aj; bjÞ sinðhkÞdl 0 6 bk 6 bj
DnðakðsÞ;bkðsÞÞ ¼
XN
j¼1
Z 1
1
½Dð2Þy ðak;bk;aj;bjÞ cosðhkÞ
 Dð2Þx ðak;bk;aj;bjÞ sinðhkÞdl bj 6 bk 6 h
 1 6 s 6 1; k 2 f1;2; . . . ;Ng ð21Þ
The functions rlmzðak; bk;aj; bjÞ;Dlmðak; bk;aj; bjÞ; l ¼ 1;2;m ¼ x; y
may be implied by applying (18) to (A-1) and
dl ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½a0jðtÞ2 þ ½b0jðtÞ2
q
dt.The system of integral Eq. (20) can be
written in the following form which will be utilized in numerical
procedure.
rnzðakðsÞ;bkðsÞÞ ¼
XN
j¼1
Z 1
1
½K11ij ðs; tÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½a0jðtÞ2 þ ½b0jðtÞ2
q
BwjðtÞ
þ K12ij ðs; tÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½a0jðtÞ2 þ ½b0jðtÞ2
q
B/jðtÞdt
DnðakðsÞ;bkðsÞÞ ¼
XN
j¼1
Z 1
1
½K21ij ðs; tÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½a0jðtÞ2 þ ½b0jðtÞ2
q
BwjðtÞ
þ K22ij ðs; tÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½a0jðtÞ2 þ ½b0jðtÞ2
q
B/jðtÞdt
 1 6 s 6 1; k 2 f1;2; . . . ;Ng ð22Þ
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achieved by applying Eqs. (A-1) to (20). By virtue of the Buckner’s
principle, the opposite sign loading in the locations of cracks in the
strip in the absence of cracks should be substituted in Eqs. (19),
while rnz and Dn in (19) are the traction and electric potential on
a crack surface which is the left-hand side of Eq. (21). Employing
the deﬁnition of dislocation density function, the equations for
the crack opening displacement and electric potential across the
jth crack become (Fotuhi and Fariborz, 2006)
wj ðsÞ wþj ðsÞ ¼
Z s
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½a0jðtÞ2 þ ½b0jðtÞ2
q
BwjðtÞdt
/j ðsÞ  /þj ðsÞ ¼
Z s
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½a0jðtÞ2 þ ½b0jðtÞ2
q
B/jðtÞdt
ð23Þ
The displacement and electric potential ﬁeld is single-valued
out of crack surfaces. Thus, the dislocation density for an embed-
ded crack is subjected to the following closure requirementZ 1
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½a0jðtÞ2 þ ½b0jðtÞ2
q
BkjðtÞdt ¼ 0 k 2 fw;/g ð24Þ
which is adopted for each crack j, separately. To obtain the dis-
location density for embedded cracks, the integral Eqs. (21) and
(23) are to be solved simultaneously whereas for edge cracks Eq.
(23) are not applicable. Due to the nature of singularity at an
embedded crack tip, the following substitution is applied to the
system of equations.
BkjðtÞ ¼
gkjðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p ; 1 6 t 6 1; k 2 fw;/g ð25Þ
The parameters (gkj) are obtained via solution of the system of
equations. The stress intensity factor may be written in terms of
crack opening (Erdogan, 1985). Similarly, this equation may be ex-
tended for FGP materials. Thus the stress and electric intensity fac-
tors for ith crack in terms of crack opening displacement and
electrical potential take the form
ðKIIIÞLi¼
ﬃﬃﬃ
2
p
4
c44ðyLjÞ lim
rLi!0
wi ðsÞwþi ðsÞﬃﬃﬃﬃﬃ
rLi
p þ
ﬃﬃﬃ
2
p
4
e15ðyLjÞ lim
rLi!0
/i ðsÞ/þi ðsÞﬃﬃﬃﬃﬃ
rLi
p
ðKIIIÞRi¼
ﬃﬃﬃ
2
p
4
c44ðyRjÞ lim
rRi!0
wi ðsÞwþi ðsÞﬃﬃﬃﬃﬃ
rRi
p þ
ﬃﬃﬃ
2
p
4
e15ðyRjÞ lim
rRi!0
/i ðsÞ/þi ðsÞﬃﬃﬃﬃﬃ
rRi
p
ðKDÞLi¼
ﬃﬃﬃ
2
p
4
e15ðyLjÞ lim
rLi!0
wi ðsÞwþi ðsÞﬃﬃﬃﬃﬃ
rLi
p 
ﬃﬃﬃ
2
p
4
d11ðyLjÞ lim
rLi!0
/i ðsÞ/þi ðsÞﬃﬃﬃﬃﬃ
rLi
p
ðKDÞRi¼
ﬃﬃﬃ
2
p
4
e15ðyRjÞ lim
rRi!0
wi ðsÞwþi ðsÞﬃﬃﬃﬃﬃ
rRi
p 
ﬃﬃﬃ
2
p
4
d11ðyRjÞ lim
rRi!0
/i ðsÞ/þi ðsÞﬃﬃﬃﬃﬃ
rRi
p
ð26Þ
where the left and right crack tips are depicted by the subscripts L
and R, respectively, and
rLi ¼ ðaiðsÞ  aið1ÞÞ2 þ ðbiðsÞ  bið1ÞÞ2
h i1
2
rRi
¼ ðaiðsÞ  aið1ÞÞ2 þ ðbiðsÞ  bið1ÞÞ2
h i1
2 ð27Þ
Utilizing Eqs. (22), (24), (25) and employing L’Hopital’s rule
yields the ﬁeld intensity factors for embedded cracks
ðKrIIIÞLj ¼
c44ðyLjÞ
2
½a0jð1Þ2 þ ½b0jð1Þ2
h i1
4
gwjð1Þ
þ e15ðyLjÞ
2
½a0jð1Þ2 þ ½b0jð1Þ2
h i1
4
g/jð1Þ
ðKrIIIÞRj ¼ 
c44ðyRjÞ
2
½a0jð1Þ2 þ ½b0jð1Þ2
h i1
4
gwjð1Þ
 e15ðyRjÞ
2
½a0jð1Þ2 þ ½b0jð1Þ2
h i1
4
g/jð1Þ;ðKDIIIÞLj ¼
e15ðyLjÞ
2
½a0jð1Þ2 þ ½b0jð1Þ2
h i1
4
gwjð1Þ
 d11ðyLjÞ
2
½a0jð1Þ2 þ ½b0jð1Þ2
h i1
4
g/jð1Þ
ðKDIIIÞRj ¼ 
e15ðyRjÞ
2
½a0jð1Þ2 þ ½b0jð1Þ2
h i1
4
gwjð1Þ
þ d11ðyRjÞ
2
½a0jð1Þ2 þ ½b0jð1Þ2
h i1
4
g/jð1Þ; ð28Þ
Analogously, for an edge crack with embedded tip at t ¼ 1, the
dislocation density is
BkjðtÞ ¼
gkjðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ tp ; 1 6 t 6 1; k 2 f1;2g ð29Þ
For an edge crack with embedded crack tip at t ¼ 1, a similar
procedure results in
ðKrIIIÞLj ¼ c44ðyLjÞ ½a0jð1Þ2 þ ½b0jð1Þ2
h i1
4
gwjð1Þ
þ e15ðyLjÞ ½a0jð1Þ2 þ ½b0jð1Þ2
h i1
4
g/jð1Þ
ðKDIIIÞLj ¼ e15ðyLjÞ ½a0jð1Þ2 þ ½b0jð1Þ2
h i1
4
gwjð1Þ
 d11ðyLjÞ ½a0jð1Þ2 þ ½b0jð1Þ2
h i1
4
g/jð1Þ ð30Þ
Having applied the equations (24), (28) to the integral Eqs. (21)
and (23), and discretizing the domain, 1 6 t 6 1 into M + 1 seg-
ments, a system of 2N M algebraic equations is obtained which
can be solved by the procedure developed by Faal et al. (2006).
The resulting system of equations is
C11 C12    C1N
C21 C22    C2N
..
. ..
. . .
.   
CN1 CN2    CNN
2
66664
3
77775
G1ðtkÞ
G2ðtkÞ
..
.
GNðtkÞ
2
66664
3
77775 ¼
q1ðsrÞ
q2ðsrÞ
..
.
qNðsrÞ
2
66664
3
77775 ð31Þ
while the components are mentioned in Appendix C and the
collocation points are
sr ¼ cos prM
 
; r ¼ 1;2; . . . ;M  1
tp ¼ cos pð2p 1Þ2M
 
; p ¼ 1;2; . . . ;M
ð32Þ
The solution for gkj are obtained from the above mentioned sys-
tem of equations and are plugged into Eqs. (27), (29) thereby
obtaining the ﬁeld intensity factors.
4. Numerical examples and discussion
The accuracy of the results will be analyzed by comparison with
those available in the literature. Furthermore, the applicability of
the DDT will be studied for some other conﬁgurations of cracks.
As the ﬁrst example (Fig. 3a), an functionally graded (FG) strip is
considered, having a straight crack under constant loading ryz = r0Fig. 3a. A rotating crack in an FG strip.
Fig. 4a. A straight crack in an FGP strip.
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Fig. 4b. Dimensionless stress intensity factors for a crack in an FGP strip.
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may have angle h with the edge of the strip. For an FG strip we
should apply e15 ¼ 0. The crack LRwith length 2L/h = 0.5 is rotating
around its center which is ﬁxed on the center-line of strip. The var-
iation of dimensionless stress intensity factors (divided by
KS0 ¼ r0
ﬃﬃ
L
p
) versus the angle of rotation for isotropic strip, i.e.,
jL = 0 and FG strip with jL = 0.5 are depicted in Fig. 3b. The results
are coincident with those reported in Fotuhi and Fariborz (2006).
Furthermore, it is possible to verify the stress components for the
case of functionally graded materials with no piezoelectric effect.
By applying e15 = 0 and d11 = 0, the stress components in Eq. (16)
will be simpliﬁed for functionally graded materials which are iden-
tical to the Eq. (13) in the article of Fotuhi and Fariborz (2006).
In the following examples, the piezoelectric material is
assumed to be the commercially available piezoelectric PZT-4.
The material constants are c44 = 2.56  1010 N/m2, e15 = 12.7 c/m2,
d11 = 64.6  1010 c/Vm2, respectively. The stress intensity factor
is normalized by KS0 ¼ r0
ﬃﬃ
L
p
and the electric intensity factor is nor-
malized by KD0 ¼ r0e15
ﬃﬃ
L
p
=c44. Additionally the electromechanical
coupling factor is deﬁned by k = D0e15/(r0d11) to combine the shear
r0 and electrical loading D0.
The second example is a strip weakened by a horizontal crack
with length 2L/h = 0.5, under constant loading ryz = r0, Dy = D0 on
the edges while k = 0.5 (Fig. 4a). Here the effect of crack location
(d) and gradient parameter is under consideration and the varia-
tion of normalized ﬁeld intensity factors versus d/L for jL = 0,1,2
is depicted in Figs. 4b and 4c. The result depicts the effect of the
edge and gradient parameter on the ﬁeld intensity factors. By
increasing the gradient parameter, the ﬁeld factors increase. It is
observed that the gradient parameter is less effective near lower
boundary.
By changing the applied mechanical loading in the above exam-
ple, it is observed that the electric intensity factor is independent
of the mechanical loading which has been reported for a horizontal
crack in FGP strip by Ma et al. (2005b) and Pak and Goloubeva
(1996). It is found that the stress and electric ﬁeld intensity factors
demonstrate similar behaviors with respect to the crack conﬁgura-
tion (Pak and Goloubeva, 1996).
In the next example, the variation of normalized electric inten-
sity factor for a rotating crack in homogeneous and nonhomogene-
ous (jL = 2) strip is studied. The cracked strip is assumed to be
under constant loading ryz = rxz = r0, Dy = D0 on the edges with
k = 1. Similar to the ﬁrst example (Fig. 3a), the crack LR with length
2L/h = 0.5 may have the angle h with the edge and is rotating
around its center which is ﬁxed on the center-line of strip. The re-0 10 20 30 40 50 60 70 80 90
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Fig. 3b. Dimensionless stress intensity factors for a rotating crack in an FG strip.
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Fig. 4c. Dimensionless electric intensity factors for a crack in an FGP strip.sults are presented in Figs. 5a and 5b. For vertical crack, the electric
intensity factor is vanishing due to the electric loading on the edge.
There is a peak for electric intensity factor at right crack tip when
h = 20 which is the interaction of loading, gradation parameter
and edge effect. On the other hand, the left crack tip will be re-
duced by increasing the angle. The reason is the nonhomogeneity
of the strip in vertical direction. As FG strip, the stress intensity fac-
tors for FGP strip are coincident in h = 45. Since there is no traction
stress on the crack surface for h = 45, the stress intensity factors
are zero. Also due to the symmetry for isotropic strip, the stress
intensity factors for crack tips are identical.
In the following example, the interaction of a ﬁxed and a rotat-
ing crack is under consideration in a homogeneous piezoelectric
strip. The strip is under constant loading Dy = D0 on the edges,
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Fig. 5a. Dimensionless stress intensity factors for a rotating crack in an FGP strip.
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Fig. 5b. Dimensionless electric intensity factors for a rotating crack in an FGP strip.
Fig. 6a. A ﬁxed and a rotating crack in an FGP strip.
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Fig. 6b. Dimensionless electric intensity factors for interaction of crack in an FGP
strip.
Fig. 7a. Two curved cracks in an FGP strip.
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Fig. 7b. Dimensionless ﬁeld intensity factors at the right tip (L1) for interaction of
two curved cracks in an FGP strip.
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length straight cracks are situated on the center-line of the strip
(Fig. 6a). Crack L1R1 is ﬁxed while L2R2 is rotating around its center.
Fig. 6b depicts the normalized electric intensity factor for the FGP
strip. For h = 45, the electric intensity factor is identical for crack
tip (R1,L2) and also (L1,R2). Also for h = 45, the traction vanishes
on the second crack and the electric intensity factor is zero. The
interaction of two cracks may be observed in Fig. 6b which is the
capability of DDT. This example depicts the capability of the cur-
rent technique in the solution of piezoelectric strip with interact-
ing cracks.
In the ﬁnal example, the interaction of two curved cracks in a
FGP strip is analyzed. The curved cracks are assumed to be portions
of the circumference of an ellipse with the following parametric
representations (Fig. 7a):aiðtÞ ¼ xc þ að1Þi cos½12 ð1 ð1Þ
itÞwbiðtÞ ¼ yc þ b sin½
1
2
ð1 ð1ÞitÞw  1 6 t 6 1; i ¼ 1;2
while w ¼ tan1ða=b cotðhÞÞand (xc,yc) = (0,0.3 h) is the coordi-
nates of the center of the ellipse. The lengths of major and minor
semiaxes of the ellipse are a/h = 0.7 and b/h = 0.5, respectively.
The nonhomogeneous (jL = 1) strip is considered to be under
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Fig. 7c. Dimensionless ﬁeld intensity factors at the left tip (R1) for interaction of
two curved cracks in an FGP strip.
S.M. Mousavi, J. Paavola / International Journal of Solids and Structures 50 (2013) 2449–2456 2455constant loading ryz = rxz = r0, Dy = Dx = D0 on the edges with k = 2.
The problem is symmetric with respect to the y-axis. The variations
of dimensionless ﬁeld intensity factors against angle h for the crack
L1R1 are shown in Figs. 7b and 7c. At the left tip of crack L1R1, the
magnitude of electric intensity factor is higher. In this case, the
peak points for intensity factors occurs at the angle of about
h = 50. At the right tip of crack L1R1, the ﬁeld intensity factors van-
ish for the curved cracks with h = 45. The magnitude of the electric
intensity factor is higher than the stress intensity factor at the right
tip. When h approaches to zero, due to the interaction of two
cracks, the intensity factors are increasing rapidly.
5. Conclusions
The antiplane analysis of a functionally graded piezoelectric
strip containing one or two arbitrary cracks has been carried out
utilizing the distributed dislocation technique (DDT). The widely
used impermeable condition is assumed in the crack model. The
dislocation solution for the strip is attained which contain Cauchy
singularity at the location of a dislocation for the stress and electric
displacement components. Additionally, the line of dislocation is
arbitrary and does not affect the ﬁeld equation of a dislocation in
the domain.
According to the capability of the DDT, the analysis of various
arrangements of embedded and edge cracks can be tackled and
the stress and electric intensity factors may be evaluated. Several
examples are presented and the inﬂuence of gradation and loading
besides the interaction of multiple straight and curved cracks are
studied. It is found that the stress and electric ﬁeld intensity factors
demonstrate similar behavior with respect to the crack
conﬁguration.
Appendix A
The following functions are used in the ﬁeld components.
P1ðc1; c2Þ ¼
Z þ1
1
½b coshðbc1Þ þ j sinhðbc1Þ sinhðbc2Þ
sb sinhðbhÞ
 expðisðx gÞÞds ðA-1Þ
P2ðc1; c2Þ ¼
Z þ1
1
½b coshðbc1Þ þ j sinhðbc1Þ sinhðbc2Þ
b sinhðbhÞ
 expðisðx gÞÞds ðA-2ÞP3ðc1; c2Þ ¼
Z þ1
1
sinhðbc1Þ sinhðbc2Þ
b sinhðbhÞ s expðisðx gÞÞds ðA-3ÞAppendix B
The ﬁeld components with separated singular terms are:
rxz ¼ðbwzc
0
44þb/ze015ÞejðyþfÞ
p
Z þ1
0
½bcoshðbyÞþjsinhðbyÞsinhðbðh fÞÞ
bsinhðbhÞ
	
1
2
esðyfÞ


cosðsðxgÞÞds
ðb/ze
0
15þbwzc044ÞejðyþfÞ
2p
ðy fÞ
ðxgÞ2þðy fÞ2
06 y6 f
rxz ¼ðbwzc
0
44þb/ze015ÞejðyþfÞ
p

Z þ1
0
½bcoshðbðyhÞÞþjsinhðbðyhÞÞsinhðbfÞ
bsinhðbhÞ 
1
2
esðyfÞ
	 

cosðsðxgÞÞdsðb/ze
0
15þbwzc044ÞejðyþfÞ
2p
ðy fÞ
ðxgÞ2þðy fÞ2
f6 y6 h
ryz ¼ðbwzc
0
44þb/ze015ÞejðyþfÞ
p
Z þ1
0
s
sinhðbyÞsinhðbðh fÞÞ
bsinhðbhÞ 
1
2
esðyfÞ
	 

sinðsðxgÞÞds
þðc
0
44bwzþb/ze015ÞejðyþfÞ
2p
ðxgÞ
ðxgÞ2þðy fÞ2
06 y6 f
ryz ¼ðbwzc
0
44þb/ze015ÞejðyþfÞ
p
Z þ1
0
s
sinhðbðyhÞÞsinhðbfÞ
bsinhðbhÞ þ
1
2
esðyfÞ
	 

sinðsðxgÞÞds
þðb/ze
0
15þ c044bwzÞejðyþfÞ
2p
ðxgÞ
ðxgÞ2þðy fÞ2
f6 y6 h
Dx ¼ ðbwze
0
15  b/zd011ÞejðyþfÞ
p

Z þ1
0
½b coshðbyÞ þ j sinhðbyÞ sinhðbðh fÞÞ
b sinhðbhÞ 
1
2
esðyfÞ
	 

cosðsðx gÞÞds
 ðbwze
0
15  b/zd011ÞejðyþfÞ
2p
ðy fÞ
ðx gÞ2 þ ðy fÞ2
0 6 y 6 f
Dx ¼ðbwze
0
15b/zd011ÞejðyþfÞ
p

Z þ1
0
½bcoshðbðyhÞÞþjsinhðbðyhÞÞsinhðbfÞ
bsinhðbhÞ 
1
2
esðyfÞ
	 

cosðsðxgÞÞds
ðbwze
0
15b/zd011ÞejðyþfÞ
2p
ðy fÞ
ðxgÞ2þðy fÞ2
f6 y6 h
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0
15b/zd
0
11ÞejðyþfÞ
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0 ½sinhðbyÞsinhðbðhfÞÞbsinhðbhÞ s 12esðyfÞsinðsðxgÞÞds
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The matrix components in Eq. (30) are:
Cij ¼
Djðt1ÞKijðs1; t1Þ Djðt2ÞKijðs1; t2Þ    DjðtMÞKijðs1; tMÞ
Djðt1ÞKijðs2; t1Þ Djðt2ÞKijðs2; t2Þ    DjðtMÞKijðs2; tMÞ
..
. ..
. . .
. ..
.
Djðt1ÞKijðsM1; t1Þ Djðt2ÞKijðsM1; t2Þ    DjðtMÞKijðsM1; tMÞ
Djðt1ÞBijðt1Þ Djðt2ÞBijðt2Þ    DjðtMÞBijðtMÞ
2
66666664
3
77777775
GjðtkÞ ¼ gwjðt1Þ g/jðt1Þ    gwjðtMÞ g/jðtMÞ
 T
; j ¼ 1; . . . ;NqjðsrÞ ¼ rnzðxjðs1Þ; yjðs1ÞÞ Dnðxjðs1Þ; yjðs1ÞÞ    rnzðxjðsM1Þ; yjðsM1ÞÞ DnðxjðsM1Þ; yjðsM1ÞÞ

0 0 T ; j ¼ 1; . . . ;N1
qjðsrÞ ¼ rnzðxjðs1Þ;yjðs1ÞÞ Dnðxjðs1Þ;yjðs1ÞÞ    rnzðxjðsM1Þ;yjðsM1ÞÞ DnðxjðsM1Þ;yjðsM1ÞÞ

rnzðxjðsMÞ;yjðsMÞÞ DnðxjðsMÞ;yjðsMÞÞ
T
; j¼N1þ1; . . . ;NDjðtkÞ ¼ pM
1 j ¼ 1;2; . . . ;N1
1 tk j ¼ N1 þ 1; . . . ;N

k ¼ 1;2; . . . ;M
BijðtÞ ¼
dij
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½a0iðtÞ2 þ ½b0iðtÞ2
q 1 0
0 1
	 

; i ¼ 1; . . . ;N1
K11ij ð1; tkÞ K12ij ð1; tkÞ
K21ij ð1; tkÞ K22ij ð1; tkÞ
" #
; i ¼ N1 þ 1; . . . ;N
8>><
>>>:
Kijðsr ; tkÞ ¼
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